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All objects are assumed to be C°°. Let (A4 n , g) be a complete Riemannian mani- 
fold and <p:M -> (0,oo). For 7 : [0, s] -> M, s > 0, define (see Li and Yau [T]) 



ds. 



For any x, y G A4, among all paths joining x to y, there exists a minimizer of J . 

Given 7„ : [0, s] -> A4, u G (-£, e), define L : [0, s] x (— e, e) -> by L (s, u) = 
7u (s) and define S = L* (d/ds) and [7 = L» (d/du). The first variation formula is 



1 

2 d« I u=0 



- n J{lu) 



((V S U,S) + U (</>)) ds 



(U,-VsS + Vc/ ) }ds+ (U,S)\l. 



Hence the critical points 7 of J on paths with fixed endpoints, called 0-geodesics, 
are the paths which satisfy Vs5 = V<j). This implies \S\ 2 — 2<fi = C = const on 7. 
Let Rm denote the Riemann curvature tensor. The second variation formula is 



1 d z 

2 du 2 



ii=0 



J{lu)= I (|V S £/| 2 - (Rm{S,U)U,S) +VV0 ([/,[/)) ds 



(V u U,V s S-Vcf ) )ds+ (VuU,S)\ s , 
where we used VV<^> (U, U) = U (U ((f))) — (V^C/) (<fr). So when 70 is a 0-geodesic, 
J ilu)- (VuU,S)\l= f (|V s lf - (Rm (S,U)U,S) +VV<j>(U,U))ds. 

u=0 J Q V / 

Now assume ( : [0, s] — > R vanishes at the endpoints, let {ei}™ =1 be a parallel 
orthonormal frame along 70, take U — C e i, and sum. If 7 — 70 is 0-minimal, then 



< \ £ ^ J (7«J = / (n (C) 2 + C 2 - C 2 Rc (5, S)) ds. 

i=l 1 "i=0 Jo v 7 

Let / : R. By VV/ (5, 5) = 5 (S 1 (/)) - (V^S 1 , V/), and V^S = V0, we have 

I ( 2 Rc(S,S)ds = f ( 2 Rc f (S,S)ds + 2 f ((' (Vf,S) ds+ [ ( 2 (V<£,V /) ds, 
Jo Jo Jo Jo 

where Rc/ = Rc +VV/ and we integrated by parts. Let A/ = A — V/ • V. Then 
(1) - j' ( 2 A f 4,ds + j' C 2 Rcj (S, S) ds < j' (n (Cf - 2CC (V/, S)) ds. 
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Let (M,g,f) be a complete steady gradient Ricci soliton with Rc/ = 0, R + 
|V/| 2 = 1 and R > 0. Let c> and <j> = cR0 Since -A f R = 2 |Rc| 2 , |V/| < 1, 
and < \JC + 2c, on a minimal ci?-geodesic we have 

(2) f C 2 |Rc| 2 ds < f f (C) 2 d* + / S ICC'I 

Since |Vi?| = 2 |Rc (V/)| < 2 |Rc|, we have the same estimate for \ J Q S ( 2 |Vi?| 2 ds. 

Given x, y £ A4, let 7 : [0, s] — > A4, s = d(x, y), be a minimal aR-geodesic from 
x to y. Since |Sf > C and d (x, y) = jf x ' v) \S\ ds, we have C < 10 If C (s) = s for 
s e [0, 1], C (s) — 1 for s e [1, s - 1], and ( (s) = s - s for s € [a — 1, s], then by ([2]), 

C(s) |Rc| (7(s))ds< . 



Since |5| < y/1 + 2c, given 1 e X, there exists const < 00 such that for every 
y e M there exists z G M with d (z, y) < \d (x, y) such that |Rc| (z) < . const 

^/d(a;,3/)+l 

Hence liminfy^oo |Rc| (y) = 0. By estimating /, Wu [3] obtained a similar result. 

Remark. Define p (x, y, s) =inf 7 ^T(j), where the inf is over 7 : [0, s) — > M. from 
x to t/. Let 7 be a minimal 0-geodesic. Since Vs<5 = V0, we have \ ^7 1„_ ^ = 
{U,S)f . Thus Vp(x,y,s) = 2S(s) = 2 7 ' (s). By Lemma 3.1 of jj, we have 
§| + | |Vp| 2 = 2</> in the weak sense. Let {ei}™ =1 be a parallel orthonormal frame 
along 7q. Summing [7 = lej over i in the second variation formula, we obtain 

2 



n r s ( s 2 s 2 s 2 \ 

i AyP <^+ / -_R c (5,S') + ^<V/,V0) + ^A / )ds. 
s Jq \ s s s J 



Since 

rs „2 



[%Rc (S,S)ds= f ^S(S(f))ds- f S -(V s S,Vf)ds 
Jo s Jo s Jo 3 



(S,Vf)(s)--J(y) + ^ I /(- ,.s ))( /.s- / ^<V<-.V./>/.s-. 



5 s 2 



we have 



|A gP (a, y,s)<"+ I ^Arfds + (S, V/) (s) + ^ / (/ (7 («)) - / (y)) ds 



2 "vf 



2 



Thus $ = s 2 e a satisfies in the weak sense (note (S 1 , V/) (s) = | (Vp, V/)) 

(I " + £) ^ I (I F A ^ ds + T 2 Jo (/ ( ^ (s)) - ; ds ) • 
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All objects are assumed to be C°°. Let (A4 n , g) be a complete Riemannian mani- 
fold and 4>:M — > (0, oo). For 7 : [0, s] — > M, s > 0, define (see Li and Yau [2]) 



ds . 

For any x, y € Ai, among all paths joining x to y, there exists a minimizer of J . 

Given 7„ : [0, s] -> M, u G (-£, e), define L : [0, s] x (— e, e) ->• by L (s, tt) = 
7u (s) and define S 1 = L* (d/ds) and [7 = L» (d/du). The first variation formula is 

UU Ql /(7u)= / S ((VsU,S) + U (<£)) ds = ['(U,-V 3 S + V<t>)d8+(U,S)\l. 

Jo Jo 
Hence the critical points 7 of J on paths with fixed endpoints, called 0-geodesics, 
are the paths which satisfy Vs5 = V<j). This implies \S\ 2 — 20 = C = const on 7. 
Let Rm denote the Riemann curvature tensor. The second variation formula is 

ds 



1 d' 

2 du 1 



J (in) = / f |V S C/| 2 - (Rm (S, U) U, S) + VV0 {U, U)) 

u=0 J \ I 

- f (VuU,VsS-V4>)d3+ (VuU,S)\ s , 
Jo 

where we used VV</> (U, U) — U (U (0)) — (Vt/Z7) ((f)). So when 7o is a ^-geodesic, 
J{lu)- (VuU,S)\l= f (|V S C/| 2 - (Rm(S,U)U,S) + VVct>(U,U))ds 



1 _df 

2 du 



Now assume £ : [0,s] — ?> K vanishes at the endpoints, let {ej}" =1 be a parallel 
orthonormal frame along 70, take U — C^i, and sum. If 7 = 70 is ^-minimal, then 

0<±£^ J{lu i )= I* (n((') 2 + ( 2 A0-<; 2 Rc(S,S))d S . 

i=l * ««=o Jo v 7 

Let / : yVf -> R. By VV/ {S, S) = S (S (/)) - (V S S, V/>, and \7 S S = Vfa we have 

f C 2 Rc(5,5)ds= / ( 2 Rc f {S,S)ds + 2 [ (('(Vf,S)ds+[ ( 2 (V<£, V/) ds, 
Jo Jo Jo Jo 

where Rc/ = Rc +VV/ and we integrated by parts. Let A/ = A — V/ • V. Then 

(1) -J ( 2 A f cf>ds + J^ C 2 Rc f {S,S)ds< (n((') 2 - 2((' (V /, S 1 )) ds. 

Let (Ai, g,f) be a complete steady gradient Ricci soliton with Rcj = 0, R + 
|V/| 2 = f and R > 0. Let c> and cf> = cR0 Since -A f R = 2 |Rc| 2 , |V/| < f , 
and | 7 '| 2 = \S\ < VC + 2c, on a minimal ci?-geodesic we have 
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2c Jo c 

Since \VR\ = 2 |Rc (V/)| < 2 |Rc|, we have the same estimate for \ J Q S ( 2 |Vi?| 2 ds. 

For x, y £ M. with d(x, y) > 4, let 7: [0, s] s = d (x, y), be a minimal cR- 

geodesic from x to y, and let 7: [0, s] — > M. be a minimal geodesic from x to y. Then 

(3) Cs <J°(W + 2cR(j( S )))ds <J°(W + 2cR(j(s)))ds < (1 + 2c)s, 

Hence C < 1 + 2c. If £(s) = s for s G [0,1], CO) = 1 for s £ [l,s — 1], and 
C(s) = s — s for s e [s - 1, s], then by ©, 

1 |Rc| 2 (7(s))ds< rC( S ) 2 |Rc| 2 ( 7 ( S ))d S < !Lt^Hi£. 

/2 Jo C 



Hence there is z = 7(so), so €E [s/2,s — 1], such that |Rc| (z) < Sc ■ Since 
|5| < VTTTc, d(z, y) < |S| < ^±^d(z, y) and d(ar, z) < (1 + ^^)d(x, y). 

We have proved that given x £ M., there exists const < 00 such that for every 
y £ M\B(x, 4) there exists z £ M with d (z, y) < V1 ^ 4c d (x, y) such that |Rc| (z) < 



const 



Hence liminf^-joo |Rc| (z) = 0. This is a result of Fernandez-Lopez and 

Garcia- Rio pQ. By estimating the potential /, Wu \A\ obtained liminf^oo R(z) = 0. 

Remark. Define p (x, y, s) =inf 7 ^(7), where the inf is over 7 : [0, s] — > Ai from 
x to y. Let 7 be a minimal </>-geodesic. Since VsS" = V0, we have \ ^7 | u _ J (7«) = 
(f/,5)|o. Thus Vp(x,y,s) = 25 (s) = 2 7 '(s). By Lemma 3.1 of 0, we have 
§f + j |Vp| 2 = 2<fi in the weak sense. Let {ei}™ =1 be a parallel orthonormal frame 
along 70. Summing U = over i in the second variation formula, we obtain 

n f s ( s 2 s 2 s 2 \ 

±A yP <-+ jf ^__R c( 5,5) + -(V / ,V0) + -A / 0jd s . 

Since 

- [ S ^Rc(S,S)ds= [ ^S(S(f))ds- [ ^(V s S,Vf)ds 
Jo s Jo s Jo 3 

= (5,V/)(S)-?/(y) + 4 [ S fh(s))ds- [ S ^(V^Vf)ds, 



we have 



I A„p (x, y,s)<~ + [ ^A f cj)d s + (S, V/) (s) + 4 / (/ (7 0)) - / (y)) ds. 

•S ,/n S 



Thus <!> = s 2 e * satisfies in the weak sense (note (S, V/) (s) = | (Vp, V/)) 

(I - ^/ + f ) * * ! (I s + 1 f e ^ - * w ds ) • 
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